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µ=Ha④HBSuppose a Hilbert space

Given a density matrix p : It
→ It
,

FA
= trzf

This called the
"

reduced density matrix !

ed 2 qubits 4=4
,
④ It
,

Pare state 14> =#PT) + tbh)) ( Bell pair)

f
= 147641

g ,
=

tr.HN/--st.1p1T.i-Lt.lslh)
= { ( IT> + Its) maximally mixed

( 50/50 with only classical

uncertainty)



ex_.2 spin chain

• • • • • • • H= ④Nlt
*& spin

A. = Ha ④ HB

Thus in quantum mechanics we can speak of the

density matrix for a spatially - defined
"

subregion
"

of a spin chain
.

* For any operators Of on Ha ,

Troi ' "

f
= Tr QQ - "

Pa



In QFT
,
consider

space
= $

B-

It is utmost true that

H= Ha ④ His

caveats :

① UV divergences

we must put a small but finite separation
between A

,
B for them to factorize .

② gauge theory

Gauge theories have link variables and Gauss

constraints
.

There are techniques to deal with both of these that do

not change our conclusions
,
so for now we can

ignore both subtleties
.



Rindlerspace
QFT in IRD

-bl

RD-1
Divide

space
= B | A

In Lorentzian :

1

'

Rinder = & IA)

☐
• ,

wedge

" it
§: what is ga ?



First
,
the claim :

IRD-1,1

Boost

µq
%yj= tdytydt

= ty + yt1) :IRD-2
Let K = generator of j boosts (boost charge)

claim
- ZIKA

FA = e

Thermal lw.at . boosts ) @ 1- = ¥



Let's write an explicit formula for K :

stress tensor Tau

Hamiltonian H = / To
space

= fd
' -'
✗ Th Wu

' Iv
in

space timidity normal U=dt

For a killing vector f. , charge

Qt] = fdE.MIL
'

In particular ,

K = Qlfy)

q@
E-
°

= Tdy fdÉ? yttt
-

•

Ka = fjdyfd"xIyF++
-

This is the
"

energy
"

that defines our thermal state
.

Note we could choose any EA to write the Ka integral .



F-uclideander-ivationf.to> Got = |7 half- IRD

half - IRD

fa
= trpf

60111%-10!> = §
< 0.A.gs/p10it.oB >

=

E
- -⑤B- - f-$! . .. .

¢0B - -g-B-
- t - -4pA-

- t

IRD

o - - - -
¥2?
-←

Different boundary
conditions

=

on top and bottom
of out

.

9A

Again , trace
"

glues
"

the manifold .



Now the key step .

Re - slice this path integral radially :
Euclidean
"

time"=o.

te A
= < pit / e-

"+000-1
/ yayI

fdE
"

Tau
⇒ A

- 2ñQl%]
fA= e

This is almost what we wanted
,
but Euclidean .

Let's check

it is same as Lorentzian boost generator .

The Euclidean rotation is

do
= ted

,
- YEE



Wick rotate te = it

→ iltdy -110+1
The normal also rotates u = die → - if

0%

Qfoo.] = KA

- Zit KA ✓fa
= e

Note boost do
,
unlike translation of is a dimensionless

coordinate
.

So KA is dimensionless. so Temperature is

dimensionless
.

IT is dimensionless)



Lorentzian Interpretation

Euclidean coordinates :

ds' = d.B' + B- dot + DIE ( cylindrical)

Lorentzian:

① → in

ds- = -B' dnt + DR
'
+ DIE ( R>0)

11

Binder Coordinates
"

Related to Minkowski words by
1- = Rsinhn

y
= Rcoshn

→ - dt' + dy' + did

t
- R ← Is

, µ →
R



R> 0 ⇒ words cover either left or right wedge .

In Rinder words
,
n is

"

time
"

,
KA is

"

energy
"

,

and ga is
"

thermal
"

.

Euclidean/Lorentzian recap

+
^

ate

> y

t-tr-i-omnumnnrnrnr.fmnd



If we slice this Cartesian- ly , we get

-¥¥
- FE

If we slice it with polar/Rinder cards
,

÷¥¥i



Physical consequences

Uniformly accelerating observers ready see a temperature

Jobs =
9-
← acceleration

21T

worldline :

R=a
-1

n=aT (proper time

€
observer defines

"

energy
"

conjugate to d
,
= a-

'

da

so F-
obs

= a K
A

- ZIKA
= e- ¥- Eobs ✓e

thermometer !

numbers :

T
obs.

=
¥ ⇒ 1K @ 1020mHz
Zitchp



This is a complete derivation
.

I ( purposely) did not use

the standard language of perturbative QFT
,

and the result

applies even in strongly coupled QFT
. Of course we

card use oi.at and this is done in the reading - I

will only sketch it quickly rn lecture
.

Treefie1ds_(2D)- ( sketch ! )
☐ 10=0

this has plane - wave solutions
,

similar to flat space

Rinder modes :

¢,
= e- iwun-ihdog.tk wu= 1h1

]

§ = £1bn # + but E)

cc

Rinder vacuum
"

baton = O th

particles -

but but - - - 103ps - Inn
, ,nuz , - - ?



In Minkowski
,
we'd have a different mode expansion,

and therefore different vacuum :

10k¥ to>
Minh

.

Choice of
"

time
"

→ defn . of
"

energy
"

and
"

particle
"

→ defn . of
"

vacuum state
"

mode expansions give same result

fq
= e-

ZIKA

↳
= Wu for Rinder modes

,
because

9h = - iuuou



Comments
runs

* - logfa = Zika is called the
" modular Hamiltonian

"

for
"

entanglement Hamiltonian
"

)

* Only in very special cases does

KA = J "

local Gx)
"

A

- Kindler in vacuum

- Ball in vacuum in CFT

- ZDCFT interval in thermal state on IR

1-1
A

- "

wiggly Rinder
"

in vacuum

kn.
= fdmxjfdt-lt-1-fki.TT#t+flEI

So what is KA more generally? Something terrible and nonlocal .

Known for 2 intervals in 2D fermion
.



poriodicitytrich-G.vn
a metric

ds- = - R'dna + DR'

we can quickly find temperature :

D n =
- ine

ds- = dB'+ÑdnÉ

2) smoothness @ R=O

⇒ nevin -121T ident .
F-

(why? on smooth mf , circle with proper

radius R has circumf . 2ñR as R→o)
3) nun + Ziti

recall time - time + ip

of p lw.it . Qldn] = KA)

This is telling you
the temperature in the state smooth

across the horizon
.


